
/nl J \".'l.l.\)"r'IKfU"'f Vlli :~. '0 i. pp ~-:.~ :.J~. 1"''4~

Prmh."\1m ureal BnlalO.

{Xl:(}- '/>Xl ~Q \J 00 + Oll

l'" [l,IIN Pergamon Prc~ ph.:

INTERACTIVE BUCKLING IN THIN-WALLED
BEAMS-II. APPLICATIONS

P. GOlTERMA~~t and H. MOlDIA~~

Department of Structural Engineering. Technical University uf Denmark. ~800 Lyngby.
Denmark

(Rcc"il'ed ~9 April 1987: in r"!'is,,d form ~ I OCloh"r 1988)

Abstract - Mode interactilln between lucal and global buckling modes is studied fur two types of
thin·walled beam structures. using a method of analysis presented in Part I of the author's paper
(:\1l,lImann and Goltermann (\989). Inl. J. Solids Slructures 25. 715-728J. This method invulves a
combination uf the linite strip method and Koiter's asymptotic theory of stability. It appears that
the interaction essentially involves three buckling modes (one glubal and two local modes). and
that the inclusion of additional nearly simultaneous local buckling modes in the analysis does not
alter the results perceptibly (in the case of local imperft:ctionsl. In both e~amples. substantial
reductiuns of load-carrying capacity due tu mode interaction and imperli:ction sensitivity (up to
about 50%) arc observed. S"me of the ~nd order lields and ~-inde~ coelficients e;\hibit a marked
dependence on the value of the load factllr at which they arc evaluated. For both structures. the
Illad-carrying capacities have been determined for ditferent values of the ratio between global and
Illcal critical loads. When this ratiu is greater than one (i.e. when the It>cal critical luad is smalkr
than the gl"bal). the load carrying capacity will e"eed the local critical load if the imperkctions
arc sutliclently small.
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cross-sectional area "I' beam
modulus of elastiCIty
kngth of bcam "r column
half waveknglh of mode i
characteristic hending nl<lnlent
characteristic compression load
J-inde.\ Cllellicient in Ihe nonlinear e'lns (15) in Part I
~-inde.\ cocllicient
width of square cross-section
amplitude of mode i
imperketion of same form as Illode i
amplitude of global ami local mode
global and local imperfection
h<:ight of l-cTuss-s<:ction
thiekn<:ss of plates
mode i
~nd urd<:r field
load paramet<:r
criticall"ad corr<:spllnding to mode i
global and local eritieall"ad
I"ad-carrying capacity
the ).-valu<: used in the computatiun of u./

1. INTRODUCTION

The present paper is the second part of an investigation dealing with mode interaction in
thin-walled beams (Part (: Mollmann and Goltermann. (989). Mode interaction in these
structures occurs when the critical loads of overall and local buckling are nearly the same.
and it usually involves the interaction between one overall. long-wave buckling mode, and
one or more local. shorl-wave buckling modes. The melhod used by us to study these
interaction phenomena is based on the nonlinear theory of elasticity and the general theory
of stability. The background of the method and its relation to existing work in this field is
discussed in the inlroduction to our first paper (sec Part I. Section 1). The main features of

t Also at Rall1boll & lIannemann. Consulting Engineers. Teknikcrbyen 38. 2830 Virum. Denmark.
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the method may be summarized as follows: the thin-walled beam is composed of plane.
rectangular plate segments interconnected along longitudinal edges. A nonlinear finite
displacement plate theory is used to describe the behaviour of the segments. The compkte.
nonlinear expressions for the middle surface strains are used, but the formulae for the
changes of curvature are linearized. Assuming an elastic material and "dead" loading, an
expression for the total potential energy of the structun:: is derived (in this derivation, it is
assumed that the displacements of the pre-buckling equilibrium state may be neglected).
Koitt:r's asymptotic theory of stability is used to study the post-buckling behaviour and the
imperfection sensitivity, the buckling modes and the 2nd order displacement lields heing
determined by the finite strip method. A detailed derivation of the method is given in Part
I. An attractive feature of this method is that it is capahle of descrihing the complete range
of hehaviour of the thin-walled beam from local to glohal stahility.

The present paper descrihes the applica tion of the theory to two examples of comn1Only
used thin-walled bl'am structures. The first example is concerned with a hC~II11 of douhly
symmctrical I-sl'ction and loaded hy cqual and opposite hcnding momcnts at the ends
(overall huck ling thercforc takes place as lateral huckling). The second example is concerned
with a column of square ho.\-section and loadcd hy axial compressive forccs at the ends (in
this case overall huckling takes place as Ile:wral column huckling). The neams arc in noth
cases simply supporll:d at the ends. It will appear from the following that significant mode
inll:raction and imperfection sensitivity occur in noth examples.

2. SYMMITRICAL III'NDING 01-' (-IlI:AM

We wish to investigate the mode interaction and imperfection-sensitivity of an I-heam
with a dounly-symmetrieal cross-section as shown in Fig. I. The beam is simply supported
and loaded hy equal and opposite nending moments (i_Ai) at the ends which result in a
constant nending moment throughout the hearn, and a stress distrihution in the cross­
section as shown in Fig. I. We choose the characteristic bending moment (Ai) as

Ai = I

thereny making

M = di = i..

We may now calculate the three lowest critical loads (i.,.) and their associated modes at
certain half wavelengths ('-w.,v.. ) hy means of the finite strip method as explained in Part I.
Section 4. The values of ;... depend on Lwave as shown in Fig. 2, and the corresponding modes
at some representative half wavelengths are shown in Fig. 3.

In order to investigate the interaction, we choose one global and two of the local modes
as buckling modes (I st order fields) in our interaction analysis (see Section 3 in Part I).
The global mode (u, in Fig. 4) has a halrwavclength L~~:vc equ~1I to the total length of the
heam L. whereas the half wavelength of the two local modes (u~ and U, in Fig. 4) is
determined by the local minimum on the lowest ;...-curve in Fig. 2. This minimum cor­
responds to L~.I'C = 1.311. which is chosen as half wavelength of both the local modes.
thcrehy limiting the total length of the beam to a multiple of L~:.',c = L~~.', .. = 1.311.
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We wish to study the interaction at difTerent values of ;.;g'"hall/;.;'"""ll = ;.:11/;.;.::'. To do
this we investigate beams with Llil equal to 13.0, 15.6, 18.2, 20.8, 26.0 and 36.4, cor­
responding to U:~t,'h.lIl/;.;l''''·\Il)_valuesof 3.57.2.57. 1.93. 1.51. 1.01 and 0.57. The three ;.,­
values and their corresponding modes (u,) an: cakulated at each beam length. The modes
arc normalized using (9a) in Part I and furthercakulations show that the 3-index coetlicients
generally vanish. i.e.

except that

(/'1' = n. t, j, IE: 1,2,3} ( I )

as shown in Tahle I. for the case of Llh = 13.n.
Since II 1!1 cI O. it is possihle to obtain .In estimate of the imperfection-sensitivity based

on the 1st order fields only, provided that we usc a 3-mode analysis (a 2-mode .,nalysis will
not he sullkiently accurate without a cakulation of the 2nd order fields). However, we shall
gener.,lly include the 2nd order fields in our analysis, and we shall calcuhtte these fields at
various ;.-values 0./,). This will enable us to include the 4th degree terms in the energy
expression and to investigate load-carrying capacities ahove the local critical load. as
explained in the following.

The fact that tIl!J is the only 3-index codlicient that is dillerent from zero means,
according to (32a) in Part I. that the mixed local-global 2nd order fields U Il and U 11 will
dcpend significantly on the ;.-value at which they arc calculated 0.1')' and it also means that
the dominant part of u,:: will consist or local modes of the same type as u" and u I J of local
modes of the same type as Ul- The 2nd order fields UII, U!!. ULI and U!l will only show a
slight ;.,.-dependence, which means that only the mixed 4-index coellicients II II:::: and tIll JJ

will be significantly ;.,,-depcndent, whereas the coellicients £lIlli, tIll::!, (/::::11 and (JIll! will
only depend slightly on ;.,.. The 2nd order fields arc calculated by the finite strip method as
cxplained in Part I. Section 4. and arc described by Fourier-expansions in the longitudi­
nal direction. In order to illustrate their shape, we let the computer plot the shape in dif­
ferent cross-sections as shown in Fig. 5. The ddlcctions perpendicular to the beam-axis
(1'. Il') arc shown in the bottom row of the figure and are easily visualized. However, it
should be noted that the displacement (II) and the stress (sigma II) in the longitudinal
direction arc plotted along lines inclined at 45 '. positive upwards to the right.

We can now calculate the 4-index coelllcients a'I'_' When we insert the Ist and 2nd
order fields directly into formula (2941) in Part I. the convergence is round to be very slow,
but when we use a Fourier-expansion or the contribution from the 1st order tields (as
explained in Part I. Section 4) we obtain a much improved accuracy.
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In the case of a 1111. the convergence of the two methods is shown in Fig. 6. where a II II

is compared with the results from beam-theory using Vlasov's assumptions (see Mollmann.
1982; Pedersen. 1982; and Goltermann. 1985).

In both our examples we use eight strips for each side of the cross-section (i.e. flange
or web). and in our Fourier-expansion of the 2nd order fields we usually include 35 terms.
This was found to provide adequate accuracy in all cases. although it would occasionally
have been sufficient to use a smaller number of strips and Fourier terms.

We have now calculated the critical loads. the 1st and 2nd order fields. and the 3- and
4-index coefficients. see Table I for LIII = 13.0. This enables us to study the interaction and
imperfection sensilivity by solving the non-linear equilihrium equations (15) in Part l. The
solutions of these equations determine a system of equilibrium paths of the type shown in
Fig. 7 for the case of two modes.

Consider the perfect structure under increasing load. starting from the unloaded state.
For small values of the load. the equilibrium path coincides with the ).-axis (the prebuckling
path). However. when the load reaches the smallest critical load i.e. the solution bifurcates
(point A in Fig. 7). This I-mode bifurcation will orten be stable-symmetric and we may in
this case increase tht.: load ahove ;'e. due to tht.: post-critical stiffnt.:ss, until a st.:cond bifur­
cation is reached. This unstahle bifurcation (point B in Fig. 7) determines the ultimate load­
carrying capacity),,,,., and appears bt.:cause of the intt.:raction. In the case of tht.: imperft.:ct
structure, the ;.",.,-value will be determined by a load maximum except in the situation
where the imperfection corrt.:sponds to the mode of tht.: lowt.:st critical load, where A",,,, will
be determined by a bifurcation, providt.:d that this modt.: corresponds to a stablc-symmt.:tric
bifurcation (as will be the case for the local modt.:). Tht.: solution of the equations and the
determination of the load-carrying capacity ;'m", can be found analytically in certain cases
(sec Goltermann. 1985), but in general requires an iterative calculation. The local and
global critical loads arc almost equal in the e:<ample where Lill = 26.0, and in this case we
may calculate ).,,"" as a fum:tion of the global imperfection (I~<lb"l) and the local imperfection
(Ii:'".I), where

(2)

(3)

Tabl.: I. I·b<:am. Critical loads. amplitudes of modes. 3-index and ~-il1dex

coellicients of the beam L = 6500 = 13.0h

'III 1.1901' 10· I, 7.M339· 10'A,.
OJ:) 3.3370' 10' I, l.5~53· 10').,

>(11 6.6869' 10' IJ 1.7191' 10').,

a t :.l -3.2116'10·

)'1'1 ;'e 1.25 1.00 0.75
lIllll 1.2751' W I.3MI3·IO· 1.~967· 10·
all:: -1.2260'10' -8.4097' lif -6.3023' W
(lIIH 5.0~80· 10' - 3.6758' 10· -3.4031'10'

a,:" 1.3767' 10' 1.3782' 10' 1.3800' 10'
a:: 1J 1.9355· 10' 1.9382· 10' 1.9~25· 10'
ann 1.9178' 10' 1.9195' 10' 1.9223'10'



P G<)LrER~A:"" 'inJ H. MIlLL~IA"''''

H · H H~ g II II,
~.. 3*":

H ..
" ...

!~Jg~
· .. ,
4111)"11" ) 1 ~J, ~ 9 ? ~

'r>
'"':

:>

H H H ..•(
"-

0 ?
....,

~ g , \ 3 "c::
~~.: ;~.< I \ ' . "...... .

tl "t '"':
H I, ~ a 'r,
~ 1t t~ .. ... . ... ,....,""'0').1 Ol)()l1.J

~ :.. " '1 ~
, 1.\l'J

~
7\:'

~

H
:--~~

H IH
':j

• n
;;

~ " 0 " -
~ .. ~

, ~ II
"

~~~: 3~~: ~ '... ~ .... -J
Ib ! ~ I:. ..,
~IW ~ ~ ~ ~ ~ . '"':' ? :~ ;; " E

".z
"-5
'-:>

H H H
5, 2-

i ~ .... ....
~ a I I flU

. ~v

i w. '" g!--..; · . '7!h ~ h••• "h~P • If >' 11 j ~?; ~ : -5' <. <) 9 ~

".;:;
]
~

"

H H H
~

, -g,
0

r,
~ · ~· x ~ J
!~~: I 3~ ~ ~ · .

!i H 'r:
:ip', :d3i ~ .j. •••

• 9; ~ 7~ ~ ,.J
;:)
-

H • 0 H H~· ~ B I I
~

i'-: . ~ ~ ~:
~~Jn

! ~ ~ •• I· Hi ~ ~ ~ s:



Interact!\e buckling in thin-walled beams-II. Applications 735

Relative deviation of

a""

\
\

\
\

...
... ... ..

!
IOE+02 .-;

i
I

10E+OI...j

!
I

10E+00-1

I
10E-OIV

I OE-02 -f~'--------'ir------
'0 100

Hal/wavenumber

Fig. 6. Convergence of ai", (L,h = ~60. hit = ~5).

I OE+03 -r------~-----__,-,.",...,..-
_.zpCIf"UUd

- - t'\1Mut

l~

These calculations will be based on the 1st order fields only. using a 3-mode perturbation
analysis. as mentioned earlier. and giving the results shown in Fig. 8. We note a reduction
of up to 60% in the load-carrying capacity due to the interaction and imperfections. [The
magnitude of the imperfections corresponds to those recommended in the Danish Code of
Practice on Thin-walled Structures (1984).J

We shall now include the 2nd order displacements in our calculations in order to obtain
more accurate values of the load-carrying capacity than those shown in Fig. R. We wish to
examine the influence of the i_-value at which the 2nd order fields are computed P'p ). and
we therefore calculate the 2nd order fields and the 4-index cocllicients for different values
of ).1' (sec Table I).

We shall also compare the results of a 2-mode analysis with those of a 3-mode analysis
(including 2nd order fields in both cases). It should be noted that there will be small
diffaelll.;es between the 2nd order fields and the 4-index coetlieients computed from a 2­
mode or a 3-mode analysis, respectively, due to the dilTerent orthogonality requirements in
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Fig. 7. Equilibrium paths.
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the two cases. Formulae for these diflcrences can be obtained with the help of (32a) and
(32b) in Part I, resulting in a cOllll\.:I:tion between the 4-index coctTicicnts givcn by

(4)

Figure l) shows thc load-carrying capacity as a function of thc local imperfection for the
case of nearly eq ual global and local critical loads, A thin curve corresponds to a calculation
based on a constant ),,,-value, but a thick curve to an interpolation between diflcrent A.",
values determined by the condition that ),,, should equal A.11l",.

It can be seen from Fig. l) that thc three methods (analysis with two or three modes
including 2nd order fields and A.,•. interpolation. and a 3-mode analysis based on Ist order
fields only) give nearly the same results for small imperlCctions (1',;,",,1/1 < 0.25), but that
the deviations between the results become more pronounced with increasing imperfections.
The inlluence of the A.".variation is moderate in the present case.
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Fig. 9. i.m •• versus l,~~.,!/ at nearly equal critical loads.
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We now repeat the calculations that lead to Fig. 9, but at a higher level of
i.~~lohOlI)/ i.~'o<"Ol/) (namely 3.57), in order to examine the intluence of the post-local stiffness and
to investigate the possibility of reaching a load-carrying capacity above i.).'o<Ol/). Figure 10
shows the result of these calculations. It can be seen that the value of Ap has a significant
intluel1l:e on the load-carrying capacity i.IlI.", and that i.m ." decreases with increasing i.p­

values. We also note that the computations with 2nd order fields included predict load­
carrying capacities above i.~h><:1I11 (for small imperfections). In the previous calculations we
have used the perturbation method at i.-values above A~.'o<OlI). However, it was explained in
Part I. Section 3, that the usc of the perturbation method for i.-values in an interval
i.., ~ i. ~ J.h generally requires that all eigenfunctions with associated eigenvalues in this
interval should be included among the buckling modes. In the present case we have a whole
cluster of closely spaced local eigenvalues in a neighbourhood just above A~2), and the
associated local modes should therefore be included among the buckling modes, so that we
would have to perform a multi-mode analysis. However, for the special case of purely local
imperfections of the type ~!u!. it is shown in the Appendix that we may confine ourselves
to a 3-mode analysis (with buckling modes u " u!, UJ) and still obtain results of a satisfactory
accuracy.

We saw that a,!) #- 0, and this implies that G,!r #- 0 when the mode Ur is of the same
type as U), and tha t a I3A #- 0 when the mode U,1 is of the same type as U!. It can now be seen
from (32a) and (32b) in Part I that UI! and a II!! will vary continuously with J. in a
neighbourhood of i.~!I, whereas UI) and a II)J will possess singularities for i. = i.):\) (see also
the values of a II!! and a II)J in Table I). However, when we wish to determine the load­
carrying capacity i.m., for local imperfections of the type ~!u!, the parameter ~) in the non­
linear equations (15) in Part I will be zero, and the i.m.,-value will not depend on a,l))' It
follows that the present 3-mode analysis will not be affected by the singularities, and we
obtain a valid solution by the use of the proposed method.

The behaviour of UI! and UI), and the fact that the results of a 3-mode analysis ditfer
considerably from those of a 2-mode analysis but only slightly from an analysis with more
local modes, lead us to the conclusion that the interaction is essentially an interaction of
three modes, and that a 3-mode analysis should therefore be used for the present structure.

The influence of the value of ).~~Ioba/)/ ).~Ioc./) on the load-carrying capacity could be
described by figures such as Figs 8-10. A better and more intelligible description will be
obtained by plotting lm." as a function of the ratio i.~8h)ha/)/).~'oca/) at certain local imper­
fections. This has been done using a 3-mode analysis, where we interpolate between different
i.p-values (as in Figs 9 and 10), and the results are plotted in Fig. II. The figure shows that
i.ma, may be greater than i.~local) (for small imperfections). as soon as i.:.8IohOlII exceeds i.~lo<a/).
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We also note that the imperfection-sensitivity is most pronounced when the two critical
loads are nearly the same. A similar graph is presented in Fig. 5.52 of Goltermann (1985).
but in that work the results arc obtained by a 2-mode analysis with the 2nd order fields
calculated for a Cllnstant ;'I,-value. The latter graph (Fig. 5.52) shows a qualitatively similar
behaviour to Fig. II in the present paper. although the numerical values of the load-carrying
capacity ditrer somewhat from those of Fig. II,

,~, SQIIARF nOX·COLlIMN ['NDFR AXIAL ('OMI'RrSSION

The secLlnd example concerns a column with square bo.\ section as shown in Fig. 12.
The column is simply supported at the ends and loaded by a compressive force UN).
which makes the compressive stress constant throughout the column. The value of the
characteristic compressive force is

t\.' = FA (5)

thereby making;. equal to the compressive strain.
In the same way as in the first example we calculate the three lowest critical loads at

various half wavelengths using the finite strip method. sec Part I. The resulting relation
hetween critical load U,) and half wavclcngth ('-...m) is plotted in Fig. 13. where one of the
curves represents a double critical load. The ;.,-curve of a certain type of mode (i.e. a mode
with certain symmetry properties) is always smooth. but since we show only the three lowest
i,-values at each value of '- ...M in Fig. 13. this causes two of the curves to end rather
abruptly when they cross another ;...-curve and therefore cease to belong to the three lowest
;., -values.

We now compare our critical loads with values obtained by means of approximate
theories. For L..."c/h > 10. the global mode is rather closely approximated by the well
known Eulcr column. as seen in Fig. 13. The local critical loads arc estimated by assuming
that the local modes can be represented approximately by the classical theory of plate
buckling. We describe the plate dellections by the appropriate analytical solutions of plate
theory. Gnltamann (1985). and thereby tind the critical loads by fulfilling suitable boundary
conditions at the longitudinal edges. We note that the approximate critical loads provided
by plate theory arc quite accurate in the range L.... .&'C/h < 6.

It can be seen that all the modes in Fig. 14 arc symmetrical with respect to at least one

E ~ 1.0
v ~ 0,3
b =175

t =5

Fig. 12, Box·column geometry and lo"d,
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Fig. 13. Cnticalloads versus half wavelengths.

of the four axes of symmetry. and the present example will therefore be conllned to
detlections symmetrical with respect to one of those axes. The symmetry implies that it will
only be necessary to perform the calculations for half the cross-section. as shown in
Fig. 15.

We set: in rig. 14 that tht: mOlks satisfying the relevant symmetry conditions have the
forms shown in Fig. 16. wht:re the amplitudes art: also defined. The dt:pieted modes are the
global mOlk U I and the local modes II! and u" corresponding to the lowest and second
lowest I.,-curves in Fig. IJ. The two local modes have the same half wavelength equal to
the width of the heam (h). whidl corresponds to the local minimum on the lowest I.,-curvc.
The gloh.1I half wavcknglh is equal to thc total column length (L) which is taken as a
ltIultiple of thc width (/,//1 = 14. IX, 20. 22. 24.32) thus giving values of 1.~I)/I.~!) cqualto
2.6X. 1.66. 1.36. 1.1 J. O.!)5 ,lI1d 0.54.

We use these three modes as buckling modes (1st order lields) in our interaction
analysis. sinL'e the 2nd 10L'ai mode II I has a L'ritical load A; I} ( = 4.2021 x 10 1) whidl is only
4.VY-;, higher than the l.:ritical load ;.:!) (= 2.lJ446 X 10') of the lirst 10L'ai mode "!. We
l.:alculate thc 3-illlkx wetliL'ienls {I./, by me,tns of the linite strip method (sec Part I, Sel.:tion
4). and find Ihal in general

(/",=0,".j.iE{I,2.3: (6)

eXL'ept that

just as in the previous example_ The value of this coellkient is listed in Table :: for L,Ih = 14.
where we also find the corresponding critiL'al loads and the amplitudes whil.:h satisfy the
normality condilion (9a) in Part I.

We note Ihat il is possibk. as in the previous example. to obtain an estimate of the
impafection-sensitivity based on the 1st order fidds only. provided that we usc a 3-mode
analysis. Following the [-beam exampk we shall calculate the 2nd order fields 11,/ and the
four-index coel1lcients (/'/'_ at certain I.-values (denoted by 1_/,).

We lirst consider the column with nearly equal local and global critical loads
(I.:.l)/I_:~) = 0.95) and cakuhlte the 2nd order llelds at various I.p-values. rigure 17 shows a
computer plot of the shape of the 2nd order fields in a beam cross-section at the lJuarter­
point (x,l L = 0.25) and for ;.p = ;,..

If the local modes are determined approximately by plate theory. the corresponding
in-plane displacements II and L' of the local modes will be zero. In the literature. it is
frequently assumed (see Benito and Sridharan. 1985a.b; Sridharan and Ashraf Ali, 1985;
and Loughland and Rhodes. 1980) that the plate deOection 1\' of the 2nd order fields is
equal to zero, thereby satisfying the orthogonality between the Ist and 2nd order fields. It
Gill be seen that this is not satisfied by the more accurate solution in the present example.

SAS 2S:1 .. C
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l
Fig. 15. Cross-se.:tion used in the analysis.

Fig. 16, M(llks and amplitlllks.

7~1

However. it will be a good approximation to neglect the contribution of the 2nd order Il'

to the 4-index coellicients.
Having determined the 4-indcx cocllicients ll'll_ (sec Table 2 for L/h = 14). we wish

to study the influence of the following factors on the load-carrying capacity of a locally
imperfect column: (I) thc value of thc load factor I." uscd for calculating "'1 and (/,, 1 _. (2)
the effect of omitting the 2nd ordcr fields and represcnting thc displacements solely as linear
combinations of buckling modcs. and (3) the clrcct of using either a 2-modc or a 3-mode
analysis (i.e. ineluding one or two local modes. and in both cases accounting fully for the
2nd order fields).

Figure IX shows the inllllclKe of thc above three factors on thc load-carrying capacity.
It can be seen that thc analysis with thrce Ist order fields (and omitting the 2nd order fields)
gives a reasonably good estimate of the imperfection-sensitivity at small imperfections (just
as in the case of the [-beam). When we include the 2nd order fields in our analysis. the load­
carrying capacity is somewhat incrcased due to the post-critical stiffness of the local mode.
and a small I.p-dependence is observed. [n order to investigate the possibility of attaining
Am.,-values greater than the local critical load I.:!). we shall turn our attention to the shortest
column. where the global critical load is significantly greater than the local critical load
(A:glub.II/I.:lu".11 = 2.68).

We now wish tll use the pertllroation method for I.-values in a region which contains
a cluster of closely spaced eigenvalues. According to the general theory of Section 3 in Part
I, the associated local modes should then be included among our buckling modes. However.
it is proved in the Appendix that in the case of local imperfections of the type ~!"!. we may
restrict ourselves to a 3-mode analysis with buckling modcs "I. "!. Ul. and still obtain
sufficiently accurate results.

Table 2. Box·column. Cntical luaus. amplituues. J·il1lk, anu ~inuex codlicients of a column with 1. = 2450 = 14"

'11t 7.8840' 10 I (, 5.41HJ4 'Ill
,

",:\ 1.7136' III I
A,
-,11 2.944(,' III

,
1'. 5..HIl8·lllI.,

'(11 4.2ll21· III I 1'. HOI I '10A,

A,I)., 1.25 115 1.00 0.75 ll.5ll ll25
all II -1.I007· 10 . - 10622' 10

,
-1.ll6ll4·10 · -1.ll54(,·IO . -1.llJI9·lll . - 1.001J7. 10 .

a1 11: -1.7348'10 -10828' 10
,

-6.9077' III · -4.4577' 10 . -J.J~5·1O
,

- 2.6248' 10 •
-R.315'l·lll

,
12711'l' III -1.6277' 10 · - 2.ll8('5· 10 -1.3942' 10 -1.0943'10

,
alln

7.8~5·lll
. 7.8105'10

,
7.R290·10

,
H6J2' 10

,
7.RRR> III

,
7.9125'10

,
°1:::
a1:~' 1.5089' III 1.5105' III 1.5127'10" 1.516J·IO" 1.51'l2·lll' , U221'lll-'

2.'l264· III
,

2.'1298' 10 2'/227· III
,

2.9410' III
,

2.9462' III 1 2.95ll5·10 J
a n \\
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Fig. \8. Load-carrying capacity ;'m.. versus \ocal imperfection at nearly equal critical loads.
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Fig. 1'.1. Luad-carrying capacity versus Ap and local imperfection.

The 2nd order fields and the 4-index coetllcients arc calculated at various Ap-values to
illustrate the inlluence of ).p (see Table 2). We compute the )'ma,-value as a function of the
local imperfection and ;.p. and the results arc shown in Fig. 19. It can be seen that the
inlluence of ).p on )'ma, is rather pronounced in this case. and we note from Figs. 18 and 19
that ;'ma, decreases with increasing ).p (as long as ;.p :0:::; ;.~ 1). A similar result is seen in the 1­
beam example and in Benito and Sridharan (1985a). which concerns an I-column. However,
our findings differ from those of Sridharan and Ashraf Ali (1986), where there is no ;.p
dependence due to the omission of the 2nd order fields U I ~ and U I J. These authors argue
that the shape of U 1~ in the cross-section will be similar to that of UJ, and that U 1~ will
therefore be very small due to the orthogonality conditions, but this is doubtful in view of
formula (32a, b) in Part I (sce also the values in Table 3). In order to obtain the correct

Table 3. BOll-column. Amplitudes of 2nd order fields (Uh = 14, ;.• /;" = 1.00•.~!L =0.25)

(i, j) (I. I) (1.2) (1.3) (2.2) (2,3) (3,3)

Sigma 11 3.0731 - 10'· 1.4441 . 10 .• 2.3170'10" 1.0119'10- ' 2.4600'10. 1 3.1303-10. 1

U 1.9J75· 10" 1.0067' 10 -, 1.3621 -10
,

4.6413-10" 4.5556'\0" 4.7020'10-'
(I',w) 7.0507' 10" 7.1638'\0" 5.0448 - 10" 2.0239' 10" 2.5042-\0" 4.5996'10"
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value of i",.... we must evilkntly put 1.1' == I.",.... and we therd'on: interpolate between the
dilkrent curves in Fig. 19 so as to gd one resldting i",... -curve. as shown in Fig. 20. We
construct the same curves and make similar interpolations for an analysis with two modes.
and also plot the resulting curve in Fig. ~O.

We note that J.", ... may e.\ceed the I(lcal critical load by up to 15% if we use a J-modc
analysis with ~nd order lidds included. where the ~nd order fields are obviously necessary
in order to account for the post-critical stilrncss. Figures IXand 20 show that a calculation
with hoth Ist and 2nd order fields leads to higher i",... -values when we usc a 3-rnode analysis
than when we use a 2-I11Olk analysis (as in Sridharan and Ashraf Ali. 19X6). This may seem
surprising in view or the fact that we have one dcgrce or freedom less in the latter case and
therefore might e.\pect a stitrer structure. J [owever. a 3-l11ode analysis must deseribe the
behaviour more accurately than a 2-mOlk analysis and thus provide more accurate values
or the load-carrying c;lpacity. It is shown in the Appendix that the inclusion of additional
nearly simultaneous local buckling modes in the analysis only gives rise to negligiblcehanges
in the results.

Finally. we shall determine i", ... as a runction or the ratio 1.~gl"h.dl/I.~I"c.dl(= 1.~1)/).~21) and

the local imperfection. Jn order to do this we perform the same kind of calculations and
interpolations for the remaining column kngths as we did in connection with Fig. 20. The
results are shown in Fig. 21. This graph shows that the load-carrying capacity may exceed
the local critical load when the global critical load is greater than the local. and that the
imperlcction-st:nsitivity is most pronounced when the two critical loads arc nearly equal.
We observe the n:semblance between the present results and the analogous results for the

Load-Carrying Capacity

~
-- - 1 T-i- Perfoct

I i. :-- J~I~005
., - 1 '~~.":o'~F";:"-:~:::-:;~"~_._. J~I~O 10

I, i #'~: .I:~:····· ~..., I .... f~I=O 50
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Fig. 21. L,'aJ-carrying capacity as a rlllKlllHl or 10l:al irnperkl'lion and i;""n""/;.:,,=,,, ratio.
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I-beam (see Fig. II). It will be seen that there is a marked difference between our results
(as shown in Fig. :! \) and the corresponding results for the van der Neut column (see van
der ~eut. 19691. However. our results agree (at least in a qualitative way) with those of
Graves-Smith (1969). Koiter and van der Neut (1980). Sridharan and Benito (1984). and
Sridharan and Ashraf Ali (1986). the latter concerning an I-column.

4. CONCLUSIONS

The post-buckling behaviour of two types of thin-walled beam structures has been
investigated (lateral buckling of an I-beam. and flexural column buckling of a square box
beam). The method of analysis used for these structures was presented in Part I of the
authors' paper and involves a combination of the finite strip method and Koiter"s asymptotic
theory of stability.

It appears from both examples that substantial reductions of the load-carrying capacity
(up to about 50%) occur as a result of imperfection sensitivity and mode interaction.
even though each mode. by itself. corresponds to a stable-symmetric bifurcation. In both
examples. it is found that. in the case of a 3-mode analysis. there is only one nonvanishing
3-index codlkient. namely a I ~J' This means that the mode interaction essentially involves
three modes (one global and two local modes). and it is concluded that the calculations
should in these examples be based on a 3-mode analysis with 2nd order fields included (to
account for the post-critical stiffness of the local modes). This conclusion is confirmed by
the fact that significant differences are ohserved in both examplcs between the results of a
2-mode and a 3-mode analysis.

The f;\ct that til ~ \ I 0 also means that the mixed 2nd order fields corresponding to a
combination or the glohal and one of the local modes depend significantly on the value of
the load ractor at which they arc evaluated (A.p ). and this implies that some or the associated
4-index coellicients will exhihit a similar I./,dependencc. When calculating the load-carrying
capacity 1.",.1\' it is therefore important that the said 2nd order fields and 4-index coetlicients
should he evaluatcd at the correct value or the load faetor. namely for J.

T
• = J."",\,

h1r hoth examples. the load-carrying eapacities have been detennined for dillerent
values of the ratio of global to local eriticalload. It is found that the load-carrying capacity
may in certain cases exceed the smallest critical load. This happens if the smallest critieal
load wrresponds to IDeal buckling and the imperfections arc local and sutliciently small. It
is shown that a 3-nhlJe analysis will be sulliciently aecurate also in such cases, so that
additional nearly simultaneous local buckling modes need not be included in the analysis.
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Wc wish to wmpare the results of a .I-mode analysis (buckltng modes u" u" and u ,) with those or a multi­
mode analysis, in which additional local modes u, 101' the same type as uJ arc included among the nuckling
modes.

In the present Appendi,. small Latin indices a,sume the values 1.2. .I, and sm~!l1 Greek indIces are used to
number the additional buckling modcs 11,. We shall use barred symbols to den"te <Juantities aSSllciated with the
.I-mode analysis (e.g, ii", <1"." etc.), and unbarred symbols to deT1llte quantities assllciated with the multi-mode
analysis (e.g. II", u". <1',41' <I".~. etc,). We have already established some general properties of the coctlicicnts in
the equilibrium cljuations (sec Scction 4 in Part I I, namely, that a 3-inde' coelli<:ient vanishes when the sum ,,1'
the assllciated wave numbers is cven. and ~I 4-inde' cI1etlicient vanishes when the sum of the wavc numbers is
uneven.

s,/wtrc hox ('o/unl11

We lirst l:l'nSlder the no, column. In ,'rder to simplify the folll,wlllg ,It-glllllent. we shall Intrtlduce certain
appr<nim~ltions,We a;sum" that the local buckltng modL's ":- II ,. and u,. can be described with sullicient accuracy
by conventional plate thel1ry (this is ktHlWn to Oc a rather good ~lpprt"lT1lation).ThIS implies that the tangential
displacements //,1' of the local modes as well as lhe a",'clated in-plane internal forces valllsh. "nd th"l the Iwrmal
Ihsplacement II' v;lIlishl's at lon~itudinal junctions Octween plate sq:ll1ents. The 3-mde' codlil'i",ls arc given by
(2X) and 127) in 1';11'1 I. SInce thc modes II, rl'm~lIn unch.lnged when we p"s.s from thL' .l·mode an.dys" to the mull 1­

modl' "n.!lysis. It f"I1"",s th"l

iJ • (A I)

We pron'ed to conSider the additional .l-ind..:' codlicienls (such as ",,,. "",I) that "ppc'ar III th..: lIlulti-lIlode
analysis. USlnl-: the synlllletry properties of th..: modes, "nd the f.lct that the in-plane intern,,1 forl''':s or the local
modes V;III1Sh, we lind fro III (2X) and (~7) in Part ( that ollly the .l-inde' codlicients

( ..\2)

should b..: tak":l1 Illto account in th..: mull. nwd..: an"lySls. wlllk the relll"ullng J-lItJ..:., coellici..:nts arc very sm,,11
"nd cOIn be negkelcd

4·i,,"<,\ ml'/!,ci.."ts - suppose that we reverse th..: ori..:ntation of th..: coordin"te a'es in the cross-section (the
r=-syslcm becollles the r' ='·syslcm. se..: hg. A I). II Will Oc seen that. in the case of buckling Illodes II, and II"

the e.xpressions f,'r the displacelllents in the\" ='-systelll will b..: Identical to those in the y=-systelll. whik a change
of sign oc..:urs I"r th..: displacelllents of buckllllg modes u I "nd u \ when we c1lange coordinate systelll. This implies
that a .1- or 4-index coellicienl vanish..:s if the lotal nUIllOcr of "ppearances of the indices I anJ .I is an odd number
(n partIcular, w..: Il;l\e

a I .: ~ ~ "1_'.'. a I ~Jt1 = (/IJ,i -- °l ( .'\.1)
a,::: (/ I::~ -- tI':JtJ = ".h;.l = oj

Now the 2nd order Jisplacenlents u" of lhe lllulti-nwJ..: analysis arc orthogun"lto the adJitional buckling mod..:s
11,. but Ihis will not nec..:ssanly be the case for lh..: 2nJ order displac":l11ents ii" of the 3-lllode analysis. Using (J2a)
in Part I. we dedllL''': the following rdation between the two kinJs of 2nJ order Jisplae":l11ents:

y.
u
-1

z

y

z

/---+----\-t>y

z·

Fig. AI Buckling mndes and c(1ordinale systems (r.=) and Ir',=').



Intcract!\e buckling in thm-walled beams-II. Applications 7~7

where the summation is with resp~'Ct to the additional buckling modes. If we now utilize the previous results
cOOl:eming the 3-inde~ coemcients [sec (A::l1. we conclude that

u" "" u.,. in general. e~cept that u" #- u.... (AS)

Inserting these results in the formulae for the ~-inde~ coefficients ICYa) and (::9b) in Part 1/. we derive the
following results:

a l !1I =iilllt~

all~: = all ::_

a:::: = u::::.
a:: n = a:::t h

while the remaining codlkients of type a,,*, vanish, We proceed to study those +indell coemcients that depend
on the additional !:>uckling modes u. (such as a"••_a".p. etc.). However. we shall contine our attention to the
coefficients ao::,. a:::•. a,;;, and a::,p since only these will be needed in the following discussion, In order
to evaluate the above coellkicnts. we shall introduce furthcr appro~imations with regard to the 2nd ordcr
displacemcnts.

Thc klcal 2nd order liclds Uz:. u:,. and u,~ will be described by von Karman plate theory. In this theory'. the
non-linear terms in the tangential displacements arc negllXted in the strain measures f.",. and this approllimation
will be sulficicntly accurate for the prescnt case of local buckling due to column loading. where no overall in­
plane displacements of the plate segments occur. Each side of the ho~ column is treatcd as a rcctangular plate
with thc f,lllmving boundary conditions: Hemp's conditions at the longitudinal junctions. and thc Margucrre­
Tretftz c,>nditions at the end sections.

The in-plane li>fces of the "ppro~im"tc local 2nd order tields can now he n:presented by means of Airy stress
funl,tions "f the form

for II,.: 1/1""

'2 lUI
f.<y) +'1,(\.) ellS (x

It It
f,(r) cos ,1'\ +<1,(1') cos ,(211+I')X

. It It
1.(.1') cos ,(I'··qlx-9.(r)ws t(211+I'+q)x (1\7)

where the wave numhers of modes u,. II,. and "'1 arc denoted hy fl. (II +1'). and (II +- '/). respcclivdy. It can also
hc shown that our appnnutlate 2nd order liclds (A 7) satisfy the rdcvant orthogonality conditions.

It should he noted th;lt lhe boundary conditions;H thc eml scctions of thc appro~imate2nd ordcr fields (.'\7)
diller from those used in our previlllis an"lysis [sec 0) in I'art I). 1I0wever. l"r short-w"ve local buckling the
dilli:rence in rcsults will only he noticeahle within a short distance from thc end sections.

If we tr;lIlsform the furmulae (2');1) in Part I for lhe 4-index coellicients by means of Green's theorem and
neglect the contribution from the 2nd urder norm;,l displacement (which can he shuwn to he insignificant). we
lind that the 4-indc.\ eoellicients assuciated with the local modes can he ellpressed soldy in terms uf the stress
functions. Using thc strcss functions (A 7). we obtain the followiug results:

Lct U < 1f'1 < 1/ - I. and 0 < 1,,1 < 1/ I. Then we have

a"" = 0

a".# = 0 for IPIFI,+ (AX)

a",# # 0 fur 11'1 '" I'll

We shallllut exhibit the rather long ano complicated timnulae which arc l<mnd li.lr the non-zero +index coelliciellts.
However. Table IA shows a comparison hetween the values of the ~-illdell cllelliciellts providc-J hy the present
appro~im:lte method. and those oht;lined from a tintle strip computer :Inalysis as described ill the m;lin paper.

Table lA,

Coefficient

ll:!~ '!

u:: ....
"1: ..
a~:"

tl ..... 4 .l

ll, .. "

Apprull. method

lU))-IO'
5.25-10'
2.70 - to •
5.53' to •
7.67 - to -.
1\.50-10 •

Finite strip
computer analysis

7.!iI-to •
5.0')'10 •
2.62' to •
5.36' 10 •
7.~-1() •
lU3'1O •

Mode
Wave No.

u:
l~

u.. = u..
15
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fig. A2. Miltri~ oflmcarized cljuilihrium cquatwns for a 'I.mode analysis.

o

It ,s also f,'und fron1 the <:omput<:r analysis thai all the <:oelli<:ients for whid1 th<: appro~n\lat<: analysis predi<:ts
the valu<: zero d,' III fad he<:ome negligihly small.

F'ltliltf'ritim "'Itlillions oj' "/tIlli-mod" (/fw/r.l'i.l'
We shall \lOW <:onsider the equlllhriulll eqnalions of the multi-mode analysis for the case of lo<:al imperfedions

of the type ~!u,. Now. as a result of the appru~illlate analysis descrihed on the previous pages. we have ohtained
the following results [sec (A2), (AJ). and (AS)I.

(r\'J)

A comparison with Ihe nonlinear equilibriulll equations (15) in Part I now reveals thai a 1'lIlode analysis with
~, l' O. ~ I = ~ I = ~. = () will deserihe a possible cquilihrium path. This initial equilibrium path is therefore
delermmed hy the equation

(AIO)

Since u"" > 0 for the bo~ column. the natural branch of (A 10) is a constantly rising <:ur\'<:. and we wish to
determine any bran<:hing points that may e~ist on this path. The <:ondition for a branching point is that the
determinant of the linearized version of the equilibrium equations (15) in Part I should vanish (the resulting
equation must then be solved together with (AIO)J. Using the previous results (A2). (A3). and (AS) for the
eoclfi<:ients we find that the determinant assumes the form shown in Fig. A2 (a determinant of a somewhat similar
type was obtained by Byskov in <:onnection with the v'ln der Neut column; sec Byskov. (9llS). It will be secn that
the determinant in Fig. A2 equals the produ<:t of the two determinants surrounded by dolled lines.

Consider first the small 2 x 2 determinant. It follows from (1\ I) and (A6) that the <:oellicients Il" I. Il" ". and
a"" which appear in this determinant arc the same for the )-mode and the multi-mode analysis. so thal the
corresponding branching points will be identical for the two types of analysis.

Consider ne~t the second {large) determin'lI1t endosed in dolled lines. Using the values of the eoe/ficients
furnished by our appro~imateanalysis. we can show that this determinant cannot vanish for values of (~,. i.) on
the initial equilibrium path.

We conclude that. in case of the box column. we obtain the same branching points whether we usc a J-mode
analysis or a multi-mode analysis (or at least very nearly the same branching points in view of the appro~irnations

that have been introduced in our multi-mode analysis).
This result was confirmed by a 5-mode computer analysis of the box column with imperfections ~!u,. which

yielded 'cry nearly the same results as the J-mode an~llysis.

O<,nJinq 1Ij' {·hellm
In' th~ case of the l-heam subjected to hending moments. it will not he sutlicienlly accurate to usc von Karman

plate theory to describe the local 2nd order fields. hccausc some of these fields contain significant in-plane
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displacements (see e.g. u~~ in Fig. 5). It would seem. therefore. that we cannot derive reasonably simple approximate
expressions for the 4-index coefficients in the prcsc:nt case.

However. we have performed two computer analyses of the I-beam with local imperfections ~!ul (a 5-mode
and a 7-mode analysis. respectively. for the case of L/h = 13. ;',1;', = 1.25. and with halfwave numbers for the
modes equal to I. 10. 10.6.9. II and 12). In both cases the corresponding branching points differ only slightly
from those predicted by a 3-mode analysis. This suggests that a 3-mode analysis will be sufficiently accurate also
in the case of bending of an I-beam.


